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Recently, a lane-based optimization method was developed for the design of isolated signal-controlled
junctions. The lane markings are relaxed as binary-type control variables and are integrated into the design
framework, in which the lane markings and signal settings can be optimized simultaneously to maximize the
overall junction performance. To take into account the time-varying effects of traffic demand, the lane-based
optimization method has been enhanced to cater for multi-period demand patterns. To eliminate ambiguity,
only a single set of lane markings (also referred to as the permitted movements) can be established on the
ground for operation throughout all of the design periods, which implies that during various design periods
road users that approach a junction will be guided by the same set of lane markings. In accordance with the
specific traffic conditions in different design periods, road users can make their own choice of traffic lane for
turning, provided that they do not violate the permitted movement patterns. In the present formulation, the
actual lane utilization patterns are referred to as the effective movements. A set of linear constraints is
developed to relate all of the lane-based control variables and to prescribe the feasible solution region. The
optimization for the usual objective function is formulated as a mathematical program. Standard and heuristic
solution methods are derived, and numerical examples are also given for demonstration.

KEYWORDS: Lane-based optimization method, multi-period analysis, signal-controlled junctions, lane
markings, isolated junctions

1. INTRODUCTION

In the literature, there are two well-established approaches to the systematic design of
isolated signal-controlled junctions: the stage-based method (Webster, 1958; Allsop,
1971a, b, 1972, 1975, 1981; Tully, 1976, Burrow, 1987) and the group-based (or phase-
based) method (Improta and Cantarella, 1984; Heydecker and Dudgeon, 1987; Gallivan
and Heydecker, 1988; Heydecker, 1992; Silcock, 1997; Sang and Silcock, 1989). Both
of these approaches take the lane marking layouts as exogenous inputs that are then
excluded from the optimization procedures. The first attempt to combine the actual lane-
use into the design framework to simultaneously optimize lane use and signal timings
was conducted by Lam et al. (1997). Their findings showed that a proper match between
the lane-use and signal settings certainly improved the overall performance of a junction.
The aim was to maximize the junction capacity using a heuristic objective function,
which was formulated to minimize the sum of the flow ratios together with the factored
sum of the right-of-way variables. The designs of signal timings for pedestrian
movement and the reordering of stage sequences to enhance the smoothness of the traffic
flow were subject to a lower order of importance, and were arranged in the second and
third levels of optimization, respectively. Relevant designs for the minimum junction
delays and minimum cycle length still require further development.

More recently, a lane-based optimization method for isolated signal-controlled
junctions was formulated to include lane-marking layouts as design variables for
analysis (Wong et al., 2000; Wong and Wong, 2003a), in which the signal settings for
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traffic movements and pedestrian crossings were optimized in a unified framework. The
lane markings, which were considered as discrete permitted movements in individual
traffic lanes, were defined as binary variables to which only 0 or 1 could be assigned to
represent their existence during the optimization process. To relax the lane markings as
design parameters, allocated flows in the traffic lanes were also introduced into the lane-
based formulation as continuous variables. Other group-based variables were preserved
in the lane-based approach, including the successor functions, starts of green, durations
of green, cycle length, and common flow multiplier. All of these variables are governed
by and related to a set of linear constraints. The capacity maximization and cycle-length
minimization problems were formulated as Binary-Mixed-Integer-Linear-Programs
(BMILP), which are solvable by the standard branch-and-bound technique (Wong and
Wong, 2003a). As delay functions are mostly non-linear in nature, the delay
minimization problem was formulated as a Binary-Mixed-Integer-Non-Linear-Program
(BMINLP). Conventionally, a piecewise linearization technique can be applied to break
up the original non-linear problem into a series of BMILP sub-problems, but this works
well only for convex functions (Improta and Cantarella, 1984). In the lane-based
formulation, however, an examination of the property of the Hessian function proves that
the delay function is no longer convex in the enlarged feasible solution region as a result
of the relaxation of the turning flows as non-fixed parameters (in the delay function).
However, it is found that a cutting plane algorithm offers promising solution
characteristics for general non-convex BMINLP problems (Porn and Westerlund, 2000),
and the solution of the lane-based delay minimization problem using Webster’s delay
function as the objective for optimization has also been tested (Wong and Wong, 2003b).
In the cutting plane algorithm, the problem size of the BMILP sub-problems expands
continuously until a sufficient number of hyper-planes (to be added in the form of linear
constraints) are constructed to replicate the solution space as it is represented by the
corresponding non-linear function. However, this means that vast computational effort is
required to solve the problem, and for this reason a more efficient heuristic line search
technique has been proposed and formulated (Wong et al., 2002) to intensively search
over the feasible range of the cycle length for optimal signal settings, in which all of the
binary variables including the lane permitted movements (lane markings) and successor
functions are optimized in the lane-based module. All of the lane-based model outputs
except for the signal timings and cycle length are then fed into a group-based module,
called SIGSIGN, as fixed inputs for further optimization. A substantial reduction in
computing time and a similar solution quality were obtained.

Mathematically, all of the lane-based model variables, including the permitted lane
movements, can be varied to maximize the junction performances as long as they satisfy
all of the governing constraints and the requirements that are listed by the relevant input
data. Obviously, the demand flow pattern is one of the key inputs that influences the lane
marking results, the allocated flow patterns, and the signal timings. In practice, traffic
demands are time-variant and elastic due to different control policies (Szeto and Lo,
2005), and the approaching flow pattern may continue to vary across successive signal
cycles. In this case, the lane-marking layout must be changed accordingly to suit the
latest traffic demand pattern to maintain an effective signal-controlled system. If the
physical layout of the lane markings is not compatible with the demand flow patterns,
then the lane markings may prevent the signal-controlled junction from achieving an
optimal performance. Hence, the design of a reliable set of lane markings for a wide
range of traffic flow patterns is of paramount importance for the operation of signal-
controlled junctions. Although the lane-based method can be used to determine the
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optimal lane markings and signal settings almost instantly, only one set of demand flow
patterns can be taken into consideration at a time (Wong et. al. 2000; Wong and Wong,
2003a). In a multi-period design, two or more sets of demand flow patterns are usually
involved in the analysis. The existing lane-based method must be applied individually
and independently for each of these design periods, and multiple sets of lane markings
may be obtained if there are remarkable variations in the input demand flows, which is
impractical for real applications. It cannot be assumed that ordinary road users can
respond effortlessly and automatically to repeated changes in lane markings on the
approach to a signal-controlled junction. In daily operations, only one set of lane
markings can be chosen to channel the traffic, and once established on the ground, the
permitted lane movements (as indicated by the lane markings) should not be frequently
altered.

Conventionally, a series of manual trial-and-error tests on lane-marking sets must be
conducted until a satisfactory junction performance is observed for all of the design
periods. However, the results of this kind of lane marking are always biased toward one
of the design periods. A set of lane markings that may have been found to be very robust
in one design period may not be so well suited to others. This is an unsuitable situation
for complex demand patterns during different time segments of a day, such as the
morning peak and evening peak periods, in which the demand flow patterns may be
totally reversed. This failing of the conventional approaches has motivated this study to
explore the possibility of extending the lane-based method to a multi-period design by
establishing one reliable set of lane markings that can cope with different demand
patterns at an isolated signal-controlled junction in such a way that the usual objective
functions can all be optimized.

2. THE LANE-BASED FORMULATION

In this section, the formulation of the lane-based optimization method for multi-period
designs at isolated signal-controlled junctions is given, including the required input data,
the relevant control variables, and the various sets of governing (linear) constraints.

2.1 Input data

The required data inputs for the analysis of multi-period designs at isolated signal-
controlled junctions are summarized as follows.
e Number of traffic arms: N .

e Number of pedestrian crossings: Np .

e Demand flows: Q = (Qi’j’n,j =L...,Nr-Li=L..,Np;n=1..I1).

e Number of approaching lanes: L =(L;,i =1,...,Nr).

e Number of exit lanes: E=(E;,i =1,...,Nr).

e Minimum (maximum) cycle length: c,pin (¢max) -

e Minimum duration of green: g = (g,-,j,Vj =1,....,Nr—-Li=1...,Ny and
gi1,Vi=1,...,Np).

e Clearance times: ® =(®, ,,,V(u,v) € V) #

# Y refers to a set that contains all of the traffic movements on entering a signal-controlled junction.
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e Lane-saturation flows for straight-ahead movement:'s = (sik,Vhk=1,..,Lisi=1,...,Nr).
e Turning radius: r = (ri’j,k,Vj =L...,Np-LVk=1,..,L;i=1..,Np).

e Acceptable degree of saturation: p = (p; 4, Vk=1,....L;;i=1,...,Nr) .

* Time difference between actual & effective greens: e =(¢; 4, Vk =1,....L;;i=1,...,Nr).

Nt specifies the number of traffic arms and Np specifies the number of pedestrian

crossings at a signal-controlled junction. Let Q be the traffic demand for different design
periods 7 and IT represents the total number of design periods to be considered. From
different approaches, the numbers of traffic lanes for junction entry L and exit E are also
required in this lane-based analysis. The minimum (or maximum) cycle length
Cmin (Cmax ) Provides the lower (or upper) limit for the selection of an appropriate

operating cycle length in the optimization process. To meet concerns about safety, the
minimum green durations g should be assigned to the traffic movement. To ensure the
safe separation of all of the conflicting movements across a junction at successive green
signals, a clearance time matrix ® must be provided in the design calculations. The lane-
saturation flows for straight-ahead movements s are lane capacities, and are estimated
based on the geometric factors of the site, such as lane widths, lane types, and road
gradients. If turning movements are permitted in a traffic lane, then the turning radius r
and the proportion of turning traffic will affect the lane-saturation flows s. To prevent
excessive delay, the acceptable degree of saturation p for each traffic lane is set to limit
the maximum attainable volume to capacity ratio. In addition, the time difference
between the effective green and the actual (display) green e is also inputted.

2.2 Control variables

The lane-based control variables for a multi-period analysis can be specified as follows.
Let A=(Ap,A.) be the set of control variables, where A, is the subset of the binary

variables and A, the subset of the continuous variables.
The subset A;, consists of the following binary variables:
e Permitted movements: A = (Al-,j,k,j =1,..,.Np-Lk=1L...,L;i=1...,Np).

oL

e Effective movements: 6 = (Si,j,k,n,j =1,...Np-Lk=1,.,L;i=1,..,Np;
n=1...,I0).

e Successor functions: Q = (Ql-’j’l’m,n,((i,j),(l,m))e Ym=1,..,0)."

The set of permitted movements A represents the lane-marking layout, which is
identical in all of the design periods so that road users will always be guided by the same
set of permitted movements as marked on the ground. However, a set of effective
movements is introduced into the formulation that represents the set of actual
movements in different design periods. As the utilization pattern may be different across
different periods, an additional time dimension is given for the set of effective
movements. A set of successor functions € is introduced to control the relative signal
display sequences for every pair of incompatible traffic movements. As the successor
functions are (design) period dependent, a time dimension has also been incorporated.

«
W, , which is a subset of ¥, refers to incompatible movements only.
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The subset A, consists of the following continuous variables.

e Allocated flows: q = 4, j kmrJ =L, N -Lk=1...,L;i=L...,Npn=1..1II).

e Common flow multiplier: .

e Cycle length: c.

e Reciprocal of cycle length: {=1/c .

o Start of green for movements: 0 = 0/ =L...Np=Li=1L...,Np; n=1...T1 and
Jj=Li=L...,Np;n=1,..II).

¢ Duration of green for movements: ¢ = ((I)l-’j’,r,j =L..,Np—-Li=1..,Np; n=1..,I1
and j=Li=1..,Np;n=1,.,II).

e Start of green for traffic lanes: @ =(©; ; .k =1,....L;i=1,...,Np;n=1...,I1).

e Duration of green for traffic lanes: ® =(®; ; .,k =1,...,L;;i=1,...,Np;n=1...,IT).
The set of allocated flows q gives the actual turning flows in traffic lanes in different

design periods. By definition, if there is an ineffective movement, then the
corresponding allocated flow must be zero. The common flow multiplier p is a flow-
scaling factor, and also serves as an indicator of the junction capacity. The cycle length ¢
gives the actual time duration for a complete signal cycle, and its reciprocal is defined as
€ (=1/c). The start of green for traffic movements is represented by 0, and the duration
of green (or the actual green) is given by ¢ . In the lane-based formulation, the start of
green and duration of green can also be specified on a lane basis as @ and @ ,
respectively.

2.3 Governing constraints
2.3.1 Flow conservation

For each period =, the traffic demand is multiplied by a common flow-multiplier L.

This factor represents the level of the scaled traffic that can be attained, so that the
junction can still perform reasonably well. With these factored demands, the flow
conservation constraint can be set as

L

RO jn =D i jkms V=L Np=Li=l. Npm=1._II, (1)
k=1
where O; ; ;. is the traffic demand from arm i to arm j in the design period n, and

q;,j i, 18 the traffic flow from arm 7 to arm j to be allocated on lane & in the design

period m. The junction capacity is then determined from the critical movement of (i, j, k)
of the design period 7.

2.3.2 Minimum effective movement in a lane
In the lane-based formulation for multi-period analysis, effective movements are

defined to represent the traffic movements in the allocated lane flows. To ensure that
traffic flows are allocated on every traffic lane that approaches a signal-controlled
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junction in all of the design periods, a constraint set of the minimum effective movement
in a lane is introduced:
Np—1
D8 jkn 2l k=1 Lgi=1. Npm=1..II. Q)
J=1

2.3.3 Maximum permitted movements at the exit

Due to the geometric restrictions of the junction, in which the number of exit lanes
(downstream traffic lanes) is less than the number of entry lanes (upstream traffic lanes),
limitations on the number of permitted movements upstream have to be provided. If too
many permitted movements are allowed on entering a particular traffic arm with fewer
exit lanes, then unnecessary traffic merging occurs, which is an unfavorable engineering
design. Hence, the following constraint set is derived to help prevent such a design:

Li
EF(i,j)ZZAi,j,k’ VJ=1,...,NT—l;i=l,...,NT. (3)
k=1
I'(i, j) is a global arm conversion function that equals i+ if i+ j< Ny or i+ j— Ny

ifi+j2>Nyp.
2.3.4 Permitted movements across adjacent lanes

More than one traffic movement may be involved in a traffic approach to enter a
signal-controlled junction, such as left-turning, right-turning, and straight-ahead
movements, depending on the input demand pattern. It is a typical signal setting that part
of the duration of green of these movements shares the same time slot. Thus, the
movements that are permitted across adjacent lanes within the same approach have to be
strictly controlled through the following constraint set, so that internal conflicts among
traffic movements within an approach are absolutely expunged:

1=A; k1 2D, Ym=j+1L.. ,Np—Lj=1...,Nr-2; @)
k=1,..,L,-Li=1,...,Np.

2.3.5 Cycle length

For the practical design of the signal settings, the cycle length constraint is applied to
confine the operational cycle length £ to a specific range between a minimum cycle

length c¢;, and a maximum cycle length ¢y :

Ly !

Cmin Cmax

(6))

2.3.6 Lane signal settings

If a permitted movement A; ; ; =1 exists, which implies that a lane marking for traffic

i, j.k
movement from arm 7 to arm j on lane & is given, then for each of the design periods =,
the start of green for that movement (i, j) and the start of green for that particular traffic

lane (i, k) must be equalized for consistency:
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M(A-4;;;)20;; -6 “MQA-A; k), (6)

and a similar condition is also applied for the duration of green:
MQA=2; ;)2 j 7= jrn2—MA=-4; ;). 7

If there is a shared lane design, A; ;; =4, ;.1 =1 for instance, then the constraint

—
L J,T

sets put forward the equalities ©;; » =6, ; =0 j,1 5 and @ - =b; ;2 =0; js1 >

which affirms that the start of green for the traffic lane (i, k) and the traffic movements (i,
j) and (7, j+1) are all forced to be identical, as are the duration of green for each of the
design periods 7.

If traffic movements are permitted on traffic lanes other than lane £, then the equality
property is extended to synchronize the signal settings, including the start and duration
of green, for the associated traffic lanes. If these traffic lanes permit other movements,
then identical signal settings are carried out due to the shared lane effects. The equality
propagates until all of the related traffic movements and lanes are linked up.

However, it is also worth reasserting that if the movement (i, j) is not permitted on lane
k, A; jx =0, then the relevant equality restriction is removed, and there is no longer

signal synchronization between the traffic lane (i, k) and the traffic movement (i, j).
Their signal settings can therefore be different.

2.3.7 Start of green

In the lane-based approach, all signal timings operate within a fixed signal cycle, and the
desirable cycle length can be determined by the optimization of different operational
criteria. This set of constraints is constructed to ensure that all of the starts of green from
all of the design periods fall within the range of a signal cycle

120; .20, Vj=L..,Nr-Li=L...,Np;n=1..I1 ®)
for traffic movements and
1260,;,20, Vi=l..,Np;n=1...,I1 9

for pedestrian crossings.
2.3.8 Duration of green

As all traffic signals work within a signal cycle, no duration of green for either
vehicular or pedestrian movements can be assigned that exceeds one signal cycle. As a
safety consideration, however, each traffic movement in all of the design periods should
be given a minimum duration of green. The following constraints are then set to fulfill
these two operational requirements:

12¢1,],n2g1,jC’ vjzl,,NT—I,IZI,,NT,T[:L,H (10)
for traffic movements and
12¢i,1,n28i,1Ca Vi=1,..,Np;n=1,...,1I1 (11)

for pedestrian crossings, where g; ; is the minimum duration of green for a signal group

(for traffic or for pedestrian crossings) for vehicular movements from arm i to arm j,
j=L..,Np-Li=1,..,Npr;n=1,...,I1 or pedestrian crossings i =1,...,Np;n=1,...,I1

(j =1 only).
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2.3.9 Order of signal displays

In each design period m, any two signal groups (i,j) and (I,m) are said to be
incompatible if a movement that is controlled by (7, j) is incompatible with a movement
that is controlled by (/,m) . The set of incompatible signal groups, ¥, , can therefore be
derived from ¥, which is the set of incompatible movements. For any two incompatible
signal groups (i, j) and (/,m) in the design period m, the order of signal displays is
=0 if

governed by a successor function (Heydecker, 1992), Q; where Q

S ]l m,m i,7,l,m,m
the start of green of signal group (/,m) follows that of signal group (i, ), and = 1 if the
opposite is true. The following constraints must be set for the successor functions:

Qi iima Qi jm =L, (i, ), (L,m)) e Ygsm=1,...,T1. (12)

2.3.10 Clearance time

For any pair of incompatible vehicular movements u and v (when both are permitted)
as given by A; ;; and A, , , respectively, the following constraint set must be

formulated to ensure that sufficient clearance time o, , is given to effectively separate
the right-of-way of each movement in a signal cycle for all of the design periods:
el,m,ﬁ +Q; +M(2_Ai,j,k _Al,m,n)

i,j,l,m,m

+; jn o6 V(,v)eV, nell (13)

If u=(,J,k) is a vehicular movement and v =(/,1) is a pedestrian crossing, then the

= 6i,j,ﬂr

required clearance time constraint becomes:
61,1,7‘C+Qi,j,1,l,Tt+M(1_Ai,j,k) > 6i,j,7'C+¢l',j,Tt+(’0M,vC’ V(M,V) S \P,TEEH . (14)

However, if u =(/,1) and v=(i, j,k), then the constraint set is modified to:
el,m,at + Qi,l,l,m,n +M(1- Al,m,n) 2 ei,l,ﬁ + (I)i,l,‘rr + (Du,vgna V(u,v)e¥,nell. (15)

2.3.11 Prohibited movement

For each design period =, if the vehicular flow g of the traffic movement (i, j) is
allocated on traffic lane k, which implies that g; ;; » >0, then the corresponding

movement is considered to be an effective movement and, by definition, 8, ; ; . =1. To
prevent a negative allocated flow, g; ;i » 20 is also a necessary condition that must be

applied to all of the design periods. Conversely, if & =0, then the movement is not

i,j.k,m
an effective movement, and the corresponding lane-allocated flow g; ; 1 r is prohibited
and forced to be zero:

M jkn2qi k20, Vk=1..,Lij=1.. Np-Li=1... ,Nrn=1..,II, (16)

where M is an arbitrarily large positive constant.
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2.3.12 Flow factor

As the allocation of traffic flow is based on queuing theory, the degree of saturation on
a pair of adjacent lanes that show a common effective movement must be identical.
Whenever there is a pair of effective movements, there must also be a pair of permitted
movements, and the signal settings for these pairs of adjacent lanes have been set to be
identical, as described in Section 2.3.6. To ensure identical degrees of saturation, it
suffices to equalize the flow factors, which are defined as the total allocated flow divided
by the saturation flow, for these adjacent lanes. For each design period, the flow factor
Yik.n is expressed as:

Z~: _19i,j.k,m
Vigg = Lo lNr 7l , Vk=l..Lii=l.. ,Npn=1L..I0. (17
Sik,m

The turning proportion P; ; ; - is given by:

qi,jk,n

. V=l Np-Lk=1..L; (18)
Zm=],...,NT—1qi7makaﬁ izlo-"aNT;thl""’H’

and it can be shown that

P jkn =

1 1.5
Vikn==— 2 |l+—— @i jhn Vk=L...Lzi=1.. Npn=1..IT.(19)
Sik =1, NI\ Tijk

Therefore, the following set of constraints can be used to enforce the equalized flow
factors for each of the design periods:

MQ2-8; j kx=0ijk+1,n)2

1 1.5 1 1.5
— Z [1 + ]Qi,j,k,n -= Z {1 +—}]i,j,k+1,n (20)
Sik j=l,...,Np -1 i j.k Sik+1 j=1,...,Np -1 Vi jke+1

Z—M(Z—&’j,k,n _ai,j,k+1,7[)’ szl,...,Ll' —1;i=1,...,NT;TC:1,...,H,

1

where M is an arbitrary large positive constant, and & (left) and £+1 (right) are adjacent
lanes in arm i.

2.3.13 Maximum acceptable degree of saturation

Given p; ; as the maximum allowable degree of saturation on lane & in arm i, the
practical degree of saturation p; ; , for each of the design periods has to fulfill the
inequality

Yik,n

Yk k=1, Lii=1,.. Npm=1,.. 11 21
O, jntel Pik l g @D

Pik,n =

From equation (19), the following constraint can be replaced to ensure that the degree
of saturation cannot exceed the maximum acceptable limit:

(Di,k,n +€C >

1.5
— > 1+ Gijkn Yk =1, Lsi=1.. Np; (22)
PikSik j=1. N1\ Tijk) n=1,..,IL
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2.3.14 Maximum effective movements

One of the design objectives in the lane-based optimization for multi-period analysis is
to establish a set of permitted movements that is shown identically in all design periods,
so that road users will always be guided by the same set of lane markings on the ground
when approaching a junction. According to the demand patterns that are given in various
design periods, however, the actual lane-flow patterns can be allocated in a different way
so that the overall junction performance is optimized. The effective movements for each
design period may thus be different, but must be derived from the unique set of
permitted movements. The following constraint set must be established to achieve this
design purpose:

Aj g2 Vj=l...,Np—Lk=1,...,Lii=1..,Npn=1..T. (23)

Mathematically, the set of effective movements for different design periods is the
subset of the set of permitted movements. A special case of this constraint set, in which
the permitted movements equal the effective movements in all of the design periods, is
given in equation (24). The flow patterns that are allocated in all of the design periods
are then forced to be identical, but the flow magnitudes are still controlled by the flow
inputs, and should be governed by the flow conservation constraints in Section 2.3.1.
Optionally, this special form of the maximum effective movement constraint can be used
to replace the constraint set of equation (23) to obtain a more stringent lane-marking
design in a multi-period analysis. Equation (24) also serves as a compulsory substitution
of equation (23) in the formulation when the problem is simplified to a single period
design in which I1=1:

Aijk =% jkn Vi=L.. Np-Lk=1.. Lsi=1.. Npr=1..II. 24)

i,j,k,m>

2.3.15 Other signal group constraints

There may be other practicable constraints that can be applied to the relative timing of
the starts and ends of green for different signal groups. These constraints can be set as

follows. Let z; ;; ,, o be the relative time (for the start or end of green) that is required

to appear when measured from signal group (Z, /) to group (/,m) in the design period 7.

For the starts of green

6i,j,rc + Zijlmm = el,m,rc 5 25)

and for the ends of green
6z',j,ﬂ: + ¢i,j,‘lt + Zijlomm = 9l,m,ﬂ: + ¢l,m,n . (26)
These constraints are mainly used to restrain two signal groups so that they start or end

simultaneously (i.e., z; ;; ,, » = 0) for signal timing operations at a junction.

3. OPTIMIZATION CRITERIA FOR MULTI-PERIOD ANALYSIS OF ISOLATED
JUNCTIONS

There are generally three optimization criteria for traffic signal designs in a multi-
period analysis of isolated signal control junctions: capacity maximization, cycle length
minimization, and delay minimization. The optimization problems of capacity
maximization and cycle length minimization can be effectively formulated by setting up
a linear objective function as a Binary-Mix-Integer-Linear-Program (BMILP). As the
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delay minimization problem involves a non-linear delay objective function, the
optimization problem must be formulated as a Binary-Mix-Integer-Non-Linear-Program
(BMINLP). Detailed discussions of the mathematical framework for the capacity, cycle
length, and delay optimization will be given in the following sections.

3.1 Capacity maximization

The junction capacity maximization problem for the multi-period design can be
effectively formulated as the BMILP

Maximize u 27)
A=(Ay.AL)

subject to the linear constraints in (1-16, 20, 23 [or 24], 25 and 26).

The mathematical program is linear in nature, and can be solved effectively by
standard branch-and-bound routines.

3.2 Cycle length minimization

The cycle length minimization problem determines the shortest cycle length and
corresponding signal settings that can handle the existing demand flow pattern. The
problem is formulated to maximize the reciprocal of cycle length £ with u = 1.0, subject
to the set of constraints that has been specified in Section 2.3. The problem can be
formulated as follows:

Maximize ( (28)
A=(Ay.AL)

subject to the linear constraints in (1-16, 20, 23 [or 24], 25 and 26) and n=1.0.

The cycle length minimization problem is again a Binary-Mix-Integer-Linear-Program
(BMILP), and standard branch-and-bound techniques can be applied to solve the
problem effectively.

3.3 Delay minimization

As the delay function is generally non-linear in nature, the problem must be formulated
as a BMINLP problem:

Minimize D 29)
A=(Ap,AL)

subject to the linear constraints in (1-16, 20, 23 [or 24], 25 and 26) and p =1.0, where
D defines the total delay of the junction.

4. SOLUTION ALGORITHMS
In this section, solution algorithms are developed to solve the capacity maximization,
cycle length minimization, and delay minimization problems in the lane-based
formulation for the multi-period analysis of isolated signal-controlled junctions.

4.1 Capacity maximization and cycle length minimization

The standard branch-and-bound technique has been found to be effective to solve
capacity maximization and cycle length minimization problems that are formulated as
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BMILPs. In this multi-period formulation, the capacity maximization and cycle length
minimization problems are similar problem types and possess a linear objective function
and a set of linear constraints, although the problem sizes are greater. The multi-period
capacity maximization and cycle length minimization problems can also be formulated
as BMILP problems, and the standard branch-and-bound algorithm is again employed as
the solution method. Details of the implementation of the standard branch-and-bound
routine can be found in Vanderbei, (2001) and Kolman and Beck (1995). A computer
package — the MPL modeling system — that integrates a CPLEX solver (Maximal, 2002)
is used to implement the branch-and-bound algorithm to solve the present BMILP for
capacity maximization and cycle length minimization problems.

4.2 Delay minimization

As the feasible solution region of the delay minimization problems in the lane-based
formulation is non-linear and non-convex, no standard method can be applied and no
method guarantees a global optimum solution. It has been found that the line search
algorithm provides a good balance between computational effort and the quality of the
solution in resolving ordinary lane-based delay minimization problems (Wong et al.,
2002; Wong and Wong, 2003b), and thus the line search technique will be explored
further to solve the multi-period design problems.

The following optimizing modules are defined for the development of delay
optimization heuristics.

MLBI1[c;(9,A,q,Q,w)] is the abstract form of the lane-based capacity maximization
module for a multi-period analysis. MLB1 optimizes the common flow multiplier y, the
effective movements 6 , the permitted movements A, the allocated flows q, and the
successor functions Q with a fixed cycle length c.

MLB2[p;(8,A,q,8,¢c)] is the abstract form of the lane-based cycle length
minimization module for a multi-period analysis. MLB2 optimizes the cycle length ¢, the
effective movements 6 , the permitted movements A, the allocated flows q, and the
successor functions Q with a fixed common flow multiplier p.

GB[(cg,0,, A5, 957,25 ); (¢ Wi, Dy )] 1s the abstract form of the group-based delay
minimization module for the evaluation of a single period 7. GB optimizes the total rate
of delay based on a set of lane-based variables (ﬁn,Aﬁ,qn,Qn) with an initial cycle

length ¢, where 8, are the effective movements, A the permitted movements, q
the allocated flows and €, the successor functions for the period m. GB outputs the
optimized cycle length ¢, , the optimized group-based settings v, , and the minimized
rate of delay D, for the design period .

The heuristic line search technique for optimizing the total rate of delay of a signal-
controlled junction in a lane-based multi-period formulation can be described by the
following step-by-step pseudo-codes.

Step1: Set pn=1.0, ¢=0, and evaluate MLB2[W;(8,A,q,Q,%)], where

8=0n=1...,11), A=Ayrn=1..0), q=(qgr=1....11) and
Q=(Q,.n=1,..II).
Step 2: For n=1toIl
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Evaluate GB[(%,SE,AE,qn,Qn);(ci’n,\p%’n,Di,n)] using the results from

MLB2 (3,,A;,q,,Q;) as inputs, where ¢y n 1s the optimized cycle length,

V5 r are the optimized group-based settings, and Dy . is the minimized rate

of delay for period 7, corresponding to the initial cycle length % .
Store the solution results
(8%71 = 8n’Ai,rc = Arcaqi,rr = qnagi,n = chi,na“’i,nﬂDi,n) :
Next .
Step 3: Set y =cpax — 1S -
Step 4: Check thaty <, and then go to Step 8.
Step 5: Evaluate MLB1[y;(3,A,q,Q,u)].
Step 6: For m=1toII.
Evaluate  GB[(),87,A7,q7,Q7);(Cy 7> Wy 1Dy x)] using the results from

MLBI1 (Sn,An,qn,Qn) as inputs, where ¢ is the optimized cycle length,

x.T?

V., r are the optimized group-based settings, and D, . is the minimized rate of

A*TC
delay for the period m, corresponding to the initial cycle length .
Store the solution results
(8x,n = an’Ax,n = Awqx,n = qn»Qx,n = Qnacx,nan,nan,n)'
Next .
Step 7: Set t=t+1 and go to Step 3.

Step 8: Calculate the total delay 5% = Zf:le,ﬂWﬂ for all % (including % ).

Step 9: Determine the optimal result as that with smallest 5)( , and the solution process

is complete.

Initially, the lane-based cycle length minimization module MLB?2 is used to determine
the minimum cycle length % (which also contributes one of the initial cycle lengths)
with p=1.0. The MLB2 output vector (8,A,q,Q2) , which includes the effective
movements, permitted movements, allocated flows, and successor functions, is
considered as a fixed input in the group-based delay minimization module GB, which
also forms part of the solution vector (6%’7[ =005 1 = A Q5 =Qp, Q5 1 = Qn)- The

optimized cycle length ¢y, and corresponding signal settings yy  for each design

period m are optimized individually using the GB module to achieve the optimal delay

Dy . in Step 3. The solution vector (5i,naAi,m%,n»gi,wci,na‘lfi,wDi,n) becomes

one of the possible optimal settings, and is recorded in a solution array for further
comparison in Step 8 and Step 9. In the heuristic line search algorithm, solution
candidates are derived from different initial cycle lengths. Once the minimum cycle
length is located, other feasible initial cycle lengths can be determined by ¥ = ¢ax — 15

in Step 4, where ¢, 1 the exogenously-defined maximum cycle length, # is a looping

control parameter, and S is the step size that specifies the resolution of the trial initial
cycle lengths. The initial cycle length is fixed and then applied to the lane-based capacity
maximization module MLB1. Again, the output vector of the lane-based model
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(0,A,q,Q) in Step 5 forms the necessary input of the group-based module GB if the

corresponding initial cycle length is greater than the minimum cycle length. In Step 6,
the group-based delay minimization module GB is evaluated individually for each of the
design periods, and the subsequent model results are stored in the solution array. Set
t=t+1 in Step 7, and a new initial cycle length can be determined by y = cpax =S -

Steps 5 and 6 are repeated until the initial cycle length is less than or equal to the
minimum cycle length y <%, as given in Step 1. For every initial cycle length y, the

total delay that combines all of the design periods can be evaluated by
5)( = ZIT;I:IDXJIWTE in Step 9, where W, is a weighting factor for the design period ©

to account for any non-uniform duration among the various design periods. By choosing
the smallest 5)( from the set of calculated total delays, the corresponding optimal signal

settings for each of the design periods can be retrieved from the solution array
(67(,,1.,AX,TE,qx,n,Qx,n,cx’n,wX,n,Dx,n) for all i (including 7 ).

5. NUMERICAL EXAMPLES

In this section, the capacity maximization, cycle length minimization, and delay
minimization problems are solved to demonstrate the effectiveness and efficiency of the
lane-based optimization method for the multi-period analysis of isolated signal-
controlled junctions. A four-arm junction with two pedestrian crossings is studied, which
is the same junction that is shown in Figure 1. The relevant input data and assumptions
are given as follows. There are four approaching lanes on each arm of the junction
example. The number of exit lanes on each arm is equal to the number of approaching
lanes on that arm, except for Arm 4, where there is only one exit lane for traffic from the
other arms. Two pedestrian crossings are located on Arm 3. The saturation flows for
straight-ahead movements on the kerbside and offside lanes are taken to be 1,965 and
2,105 pcu/h/lane, respectively. The saturation flows have not yet been fixed, but will
vary according to the presence and intensity of turning traffic. It is assumed that all of
the turning radii are 12 meters. The maximum cycle length is set to be 120 seconds, and
the maximum acceptable degree of saturation is 90% on all lanes. The minimum green
duration is 5 seconds for all traffic movements, and the minimum green for the
pedestrian crossings is 20 seconds. The effective green is always 1 second longer than
the actual green in the calculation. Three design periods are studied, and the traffic
demands divided into morning peak, off-peak, and evening peak periods are given in
Table 1. The required clearance time for any two conflicting movements (including both
traffic and pedestrian movements) is set to be 6 seconds. A 2-second reduction in the
clearance time is set for the following conflicting pairs: traffic movement following a
pedestrian movement or a pair of traffic and pedestrian movements that belong to the
same approach. All of the left-turning and straight-ahead timings are set to end at the
same time for all cases (a usual practice in Hong Kong).

5.1 Capacity maximization

The problem of capacity maximization is that of maximizing the common flow
multiplier p subject to a set of linear constraints in (1-16, 20, 23, 25 and 26). The

problem is formulated as a Binary-Mixed-Integer-Linear-Program (BMILP), and the
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standard branch-and-bound technique has been applied to solve it. The model results are
given as follows. The maximized common flow multiplier is 1.078, which implies that
the junction reserve capacity is 7.8%. The corresponding optimal cycle length is found to
be located at the maximum limit of 120 seconds. Figure 2 plots the patterns of the
permitted movements and the effective movements for the three design periods. The
associated optimal allocated flows and signal settings are given in Tables 2 to 4.

Pedestrian

crossing P1
Pedestrian
—_— crossing P2 Single exit lane
_—
Arm 2 Arm 4
—
1
|
|
|
|
|
|
|
|
|
|
Arm 1

FIGURE 1: Layout of the example four-arm junction

TABLE 1: Traffic demands of a three-period design for the four-arm junction example

From arm To arm’ Morning peak demand Off-peak demand Evening peak demand
inpcuw/h(n=1) inpcuwh(n=2) inpcu/h (n=3)
1 2 400 400 550
3 500 200 300
4 200 100 150
2 1 500 100 200
3 200 100 150
4 600 400 650
3 1 400 300 50
2 350 300 400
4 350 300 450
4 1 50 100 600
2 500 400 700
3 450 400 500

" Represents the global destination arms.
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FIGURE 2: Arrangements of the permitted and effective movements for capacity
maximization in the three-period design problem
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In Figure 2, the optimal pattern of the permitted movements for maximizing the
junction capacity is represented by the set of hollow arrows (shown on the right-hand
side of the diagram). The three sets of effective movements for the different demand
profiles of the three design periods are marked as solid arrows. It is found that the
patterns of the effective movements in the morning peak and off-peak periods are
identical to the set of permitted movements, and thus all of the hollow arrows in these
two design periods are filled in. It can also be observed that there is one hollow arrow
(the movement from Arm 3 to Arm 1 on lane 3 (3.1.3) in the evening peak period design,
and the associated movement is not considered to be effective, although the permitted
movement still exists as a road marking for guidance.

In Tables 2, 3, and 4, which provide the lane flow and signal timing details for the
morning peak, off-peak, and evening peak design periods, respectively, column (1) gives
the origin arms and column (2) specifies the traffic lanes. In columns (3-6), which
represent the different destination arms, the resulting allocated flows on the lanes are
distributed accordingly. Summing the allocated flows vertically for each arm gives the
input demand flows, and summing them horizontally for each traffic lane gives the sum
of the lane flows, which is shown in column (7). The resulting turning proportions are
collected in column (8). The revised lane-saturation flows, which take the turning
proportions into consideration, are displayed in column (9). The flow factor (ratio) in
column (10) can be easily deduced by dividing the sum of the lane flows by the
saturation flows. With the effective green times in column (11) optimized from the
models, the degree of saturation for each traffic lane can be calculated, as shown in
column (12). The starts of green for each traffic lane are provided in column (13). All of
the end of green times can be obtained by adding the start of green times to the actual
green times, which are 1 second less than the effective green times in this study. The
allocated lane-flow patterns for the effective movements are identically matched. The
magnitudes of all of the allocated flows are controlled by the input demand flows for
different design periods, and all of the effective movements from different design
periods are established from and confined by the set of permitted movements.

It is worth noting from Figure 2 that the movement from Arm 3 to Arm 1 on lane 3
(3,1,3) is an effective movement in the morning peak and off-peak periods, but only a
permitted movement in the evening peak period. Correspondingly, Tables 2 and 3 show
that traffic lanes 2, 3, and 4 from Arm 3 belong to the same traffic stream due to the
shared-lane effects for the movements of (3,1,3) and (3,2,3). Their resulting flow factors,
degree of saturation, and signal timings must therefore be identical. However, during the
evening peak period, the movement (3,1,3) is a permitted movement, but is not
effectively used (the allocated flow equals zero), and thus the related traffic lanes 2 and 3
from Arm 3 need not be forced to form a single traffic stream. In Table 4, it can be seen
that the flow factors and degree of saturation of these lanes become disparate. As the
permitted movement (3,1,3) is still present as a shared lane-marking with the movement
(3,2,3), the signal settings for these two movements, including the start and duration of
green (= effective greens) have to be constrained to operate in a synchronized manner for
safety reasons.

To obtain a better account of the performance of the proposed algorithms, some model
statistics are given in the following. The lane-based capacity maximization model for the
junction example in a three-period analysis possesses 1,856 linear constraints, 323
continuous variables, and 466 integer variables. Obtaining the required solution takes
around 14 minutes on a Pentium-4 1.8 GHz processor.
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5.2 Cycle length minimization

The same four-arm junction with two pedestrian crossings is studied for the cycle
length minimization problem. All of the input data and assumptions as given in the
capacity maximization problems are duplicated. The optimization objective is to
maximize the reciprocal of the cycle time (= minimize the cycle length), subject to a set
of linear constraints in (1-16, 20, 23, 25 and 26) and p = 1.0 (i.e., analyzed according to
the existing demand flow patterns). Again, the problem is a Binary-Mixed-Integer-
Linear-Program (BMILP) and the standard branch-and-bound technique can be applied
to solve the problem. The model results for the cycle length minimization are given as
follows. The minimum cycle length is 88.13 seconds. The patterns of the permitted
movements and the effective movements for the three design periods are plotted in
Figure 3. The associated optimal allocated flows and signal settings are given in Tables 5
to 7.

Obviously, the pattern of the permitted movements in a cycle length minimizing
setting is quite different from those in a capacity maximizing setting, as a comparison of
Figures 2 and 3 demonstrates. One more shared lane-marking for the straight-ahead and
right-turn movements has been established in Arm 1, and two right-turn markings are
given, instead of two left-turn markings, in Arm 2 for the cycle length minimization. The
demand flow patterns that are used are identical for the capacity maximization and cycle
length minimization problems, and the different lane-usage pattern is merely the result of
switching the objective function for optimization. It is shown that only the effective
movements in the morning peak period are identical to the permitted movements. Two
different ineffective movements are produced in the off-peak and evening peak periods,
as indicated by the hollow arrows. Due to the different demand patterns, the ineffective
movements are shown in a different way for the off-peak and evening peak periods. This
simply demonstrates the extraordinary capability of the present lane-based optimization
model to handle very different demand patterns in a multi-period design. The model is
able to develop a single set of permitted movements that can entertain very different
demand flow patterns in different design periods.

Tables 5 to 7 tabulate the allocated flows and signal settings for the three design
periods of the cycle length minimization problem. The table formats are the same as
those that are given in Tables 2 to 4, and detailed explanations of the table entries can be
found in the previous section. The size of the cycle length minimization model is exactly
the same as the capacity maximization model. There are 1,856 linear constraints, 323
continuous variables, and 466 binary variables. As the model adopts a different objective
function, the optimal solution region may be shifted, and the solution takes a little longer
at around 52 minutes on a Pentium-4 1.8 GHz processor.
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5.3 Delay minimization

Again, the four-arm junction with two pedestrian crossings is used to demonstrate the
evaluation of the overall junction delay. For the problem of delay minimization in a
multi-period design, the Webster’s delay function,” which is given in equation (30), is set
as the objective function for optimization (Webster, 1958; Allsop, 1972b). The formula
assumes that the average stream arrival rates are constant.

2
> di ik =vix) )
j Wik Mig)

Dyj = | — + , (30)
10 26(1-yix) 2= yix Mig)

where D; . is the rate of delay and y; ; is the effective duration of green for the traffic

lane k& on arm 7 of a signal junction. The total rate of delay of the junction, D, is the
_ NT Li
sum of the delays for all of the traffic lanes on all of the arms, D = Zi:1 Z kZID,-’ k-

As has been discussed, the delay minimization problem in the lane-based formulation
is non-linear and non-convex, and is defined in the feasible solution region. No standard
solution method can be applied. A heuristic line search technique has been developed to
solve the lane-based delay minimization problem, and it has been demonstrated that the
solution method optimizes the Webster’s delay expression effectively. Various lane-
based modules are responsible for generating a set of solution candidates for the
permitted movements, effective movements, allocated flows, and successor functions.
All of these lane-based model outputs are fixed in the group-based model, in which
further optimization of the signal settings on behalf of the junction delay is conducted.

The heuristic line search algorithm that was derived in Section 4.2 starts with the
solution of a set of capacity maximization problems with fixed cycle lengths, the choice
of which covers a range from the minimum cycle length to the maximum limit of a cycle
length, defined externally. The optimal cycle length is always pushed to its maximum
limit in a capacity maximization problem. In other words, the two initial cycle-length
boundaries have already been determined in the capacity maximization (120.00 seconds)
and cycle length minimization (88.13 seconds) problems that are given in Sections 5.1
and 5.2, respectively. In this study, a 2-second step size is used to contribute 17
evaluation points in the line search space, where the maximum and minimum boundaries
are inclusive.

The optimized delays in various design periods as derived by SIGSIGN, the group-
based module, are plotted in Figure 4. Each initial cycle length ultimately serves three
group-based optimizations for the total junction delays, in addition to the other signal
settings. The problem of a three-period design is similar to undertaking three separate
junction designs. For one initial cycle length, three individual junction delays are
optimized for the various design periods, as given in Figure 4 (the morning peak delay is
shown with a circular marker, the off-peak delay with a triangular marker, and the
evening peak delay with a cross marker). Among the 17 evaluations, the average delay
for the morning peak is 58.96 pcu-s/s, for the off-peak period is 34.74 pcu-s/s, and for
the evening peak period is 55.67 pcu-s/s. From Figure 4, it can be observed that the

¥
The sheared delay formula can be adopted in the present approach to replace the Webster’s delay function in

case of junction over-saturation. The maximum degree of saturation on each lane may correspondingly be

increased from the current limit of 90.0% to over 100.0%, depending on the subsequent design criteria.
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delays for the morning peak and evening peak periods vary only narrowly within a range
of + 2.5% from the mean values across the 17 data points. In contrast, the off-peak
delays change quite significantly, with maximum delays of 46.94 pcu-s/s (deviating over
+35% from the mean) and minimum delays of 25.00 pcu-s/s (around a -28% deviation
from the mean).

To assess the overall junction performance, the actual time intervals of the three design
periods have to be taken into consideration. In Hong Kong, most traffic studies make the
general assumption that the morning peak and evening peak periods last for only 1.5
hours, but that the off-peak period normally runs for 13 hours. The remaining 8-hour
study period is always in a light flow condition that starts just before midnight, and is
thus excluded from this study. The delay-weighted factors in the morning and evening
peak periods take on the values of 1.5 and 13.0 in the off-peak period. For better
presentation, the weighted sum of delay (the line with a diamond marker) is also plotted
on the same graph in Figure 4. It is found that the minimum weighted sum of delay is
495.61 pcu/hr, and the corresponding initial cycle length is located at the minimum cycle
length, which is 88.13 seconds. The optimized arrangements of the permitted and
effective movements for the delay minimization are exactly the same as those that are
given by the cycle length minimization in the three-period design problem that is plotted
in Figure 3. Details of the optimized allocated flows from the lane-based module and
other signal settings from the group-based module are tabulated in Tables 8 to 10.

The formats of these tables are similar to those that are reported in the previous
sections. An additional column (14) is attached to Tables 8 to 10 that shows the actual
lane-based delay values, and the bold figures give the total junction delay by summing
up the delays for all of the traffic lanes in the junction example. The tabulated results in
Tables 8 to 10 are divided into two parts. The first part comprises the lane-based module
that is given in columns 3 to 6, which includes the patterns of the permitted and effective
movements and the allocated lane flows. The results in columns 7 to 10 are also
calculated based on the allocated flow values, such as the total lane flows, the lane-
turning proportions, the revised lane-saturation flows, and the lane-flow factors. All of
these lane-based results are fixed and are then input into the group-based model for
further optimization. The group-based model mainly optimizes the overall junction delay
(column 14) and other signal timings, such as the optimized cycle length (given in the
first row of the table), effective green (in column 11), and start of green (in column 13).
With all of these results, the actual degree of saturation for each traffic lane can be
evaluated, and is placed in column 12. The group-based module is also used to optimize
the starts of green and actual duration of green, which are given in the lower part of the
tables, for the two pedestrian crossings.

The total computing time for the 17 evaluations, including all of the MLB1, MLB2,
and GB module computations, takes about 380 minutes on a Pentium-4 1.8 GHz
processor.

6. CONCLUSION

In this paper, a lane-based optimization method for the multi-period design of lane
markings and signal settings in isolated signal-controlled junctions has been presented.
Capacity maximization and cycle length minimization have been formulated as BMILP
problems that can be solved by the standard branch-and-bound technique. The delay
minimization problem has been formulated as a BMINLP, and the Webster’s delay
function has been applied as the objective for optimization. A heuristic algorithm has
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been developed to solve the problem that incorporates the lane-based and group-based
optimization modules. The binary variables include the effective movements and
permitted movements on traffic lanes and the successor functions to govern the order of
the signal displays. The continuous variables include the lane-allocated flows, the
common flow multiplier, the cycle length, and the starts and duration of green for the
traffic movements, lanes, and pedestrian crossings. A set of linear constraints has been
set up to relate all of the variables for feasibility and safety requirement designs.
Numerical examples have been given to demonstrate the practical applicability of the
proposed methodology.
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